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Abstract 

We discuss generalizations of the notion of i) the group of unitary elements of a (real or com- 
plex) finite dimensional C*-algebra, ii) gauge transformations and iii) (real) automorphisms, 
in the framework of compact quantum group theory and spectral triples. The quantum ana- 
logue of these groups are defined as universal (initial) objects in some natural categories. 
After proving the existence of the universal objects, we discuss several examples that are 
of interest to physics, as they appear in the noncommutative geometry approach to particle 
physics: in particular, the C*-algebras A/„(R), Af„(C) and Af„(]H[), describing the finite non- 
commutative space of the Einstein- Yang-Mills systems, and the algebras Af = C©IHI®M3(C) 
and A'^^ = IH © H © Af4(C), that appear in Chamseddine-Connes derivation of the Standard 
Model of particle physics minimally coupled to gravity. As a byproduct, we identify a "free" 
version of the symplectic group Sp{n) (quaternionic unitary group). 



1 Introduction 

In the approach to particle physics from noncommutative geometry \13\ [TT] , the dynamics of a 
theory is obtained from the asymptotic expansion of the spectral action associated to an almost 
commutative spectral triple (^°°, D, J), i.e. a product of the canonical spectral triple of a spin 
manifold and a finite-dimensional one (see e.g. |17) and references therein). A fundamental role 
is played by the group U{A°°) of unitary elements of the algebra, whose adjoint representation 
u 1-^ uJuJ~^ on T-L gives the group 

^(^~, J) = {uJuJ~\u G UiA"^)} (1.1) 



of inner fluctuations of the real spectral triple [T71 Sec. 10.8], also called "gauge group" of the 
spectral triple, for its relation with the gauge group of physics [21]. For example, in the Einstein- 
Yang-Mills system, the finite-dimensional spectral triple describing the internal noncommutative 
space is built from the algebra Aj = M„(C), with Hilbert space Hi = M„(C) carrying the left 
regular representation and real structure Jj given by the hermitian conjugation; in this case 
U{Ai) = U{n) and Q{Ai, Jj) is the classical gauge group SU{n), modulo a finite group given by 
its center. In the more elaborated example of (the Euclidean version of) the Standard Model of 
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elementary particles minimally coupled to gravity, the algebra is Af = C©]HI© M^^C) and the 
group g{Ai, Ji) is U{1) X SU{2) x ^[/(S) modulo Zg. 

More generally, consider a spectral triple based on an almost commutative algebra 

A°°:=C^{M)(S)Ai^C°°{M^Ai), dim^/<oo, 

with AA a closed Riemannian spin manifold. A basic idea is that every physical interaction 
comes from a suitable "symmetry" of the above almost commutative space: particle interactions 
from local gauge symmetries, and gravitational interactions from the symmetry under diffeo- 
morphisms. It is natural to think that a first step in the unification of particle interactions with 
gravity is the unification of this two types of symmetries. The key for this unification is the split 
short exact sequence: 

1 lnn(^°°) Aut(^°°) Out(^~) 1 . 

In the cases of physical interest, namely in the Einstein Yang Mills system and the the Standard 
Model, Out(^7) is trivial, so that Out{A°°) = Out{C°°{M)) ~ Diff(>l) and the automorphism 
group Aut(^°°) (the group of symmetries of the full "noncommutative space") is a semidirect 
product of the group of diffeomorphisms of M and the group lnn(^°°) = C°°(7W — > lnn(^/)) 
of smooth functions with values in lnn(^/) = U{Ai)/Zi, where Zj is the center of U{Ai). The 
group lnn(^°°) is what we call the local gauge group of the theory, while lnn(^/) is the global 
gauge group, or gauge group 'tout court'. 

On the other hand, the group Q{A°°, J) in (jl.ip is isomorphic to the quotient U{A°°)/U{A,j), 
where Aj := {a € A°° : a J = Ja*} is a real *-subalgebra of the center of A°° [21] ■ One has 
g{A°°, J) D lnn(^°°), with equality iff Aj is exactly the center of A: this happens in both the 
Einstein- Yang-Mills system and the Standard Model examples, and from g{A°°, J), one recovers 
the local gauge transformations of physics, while G{Ai, Jj) gives the global ones. 

Given the importance of the group of gauge transformations in physics, it is very natural, in 
the framework of noncommutative geometry, to look for compact quantum group analogues of 
this notion. In fact, the idea of using quantum group symmetries to understand the conceptual 
significance of the algebra Ap mentioned in a final remark by Connes in [15]. In [9], an 
approach along this line was made, where the quantum isometry group (in the sense of \23\ [8]) 
of the finite part of the Standard Model was computed. It was shown that its coaction, once 
extended to the whole spectral triple on C°°{Ai) Af, leaves invariant both the bosonic and 
fermionic part of the spectral action, thus providing us with genuine quantum symmetries of the 
Standard Model. In this article, we wish to continue the work in [9] by investigating the notion 
of quantum gauge symmetries which might be helpful in having a better understanding of the 
noncommutative geometry approach to particle physics. Since in many of the applications to 
physics, the relevant algebra is the product of a commutative one with a finite noncommutative 
one described by a finite-dimensional C*-algebra, we restrict our attention to finite- dimensional 
C*-algebras. On the other hand, we need to consider both complex and real C*-algebras, since 
in one of the main applications of spectral triples to physics ~ the Standard Model of elementary 
particles, the C*-algebra involved is real. 

It is evident that in order to have a correct quantum analogue of (jl.ip . we first need to make 
sense of a compact quantum group version of the unitary group of a finite dimensional (possibly 
real) C*-algebra, and then use it to define the quantum gauge group. It is natural to wonder 
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whether the free quantum groups Au{n) or their twisted counterparts (denoted by Au{n,R) in 
this article), first appearing in the seminal works of Wang and Van Daele [3211331 IM] can play the 
role of quantum group of unitaries of M„(C). The definition of these compact quantum groups 
are recalled in Sec. 12.11 The structure and isomorphism classification of these quantum groups 
were studied in [35]. Since then, a considerable amount of literature has been developed around 
these quantum groups (see e.g. [H HI [10] for quantum symmetries of finite metric spaces and 
graphs), which have also made contact with other branches of mathematics, like combinatorics 
and free probability [5l [6] . We believe that the compact quantum group version of the unitary 
group is also important from the point of view of compact quantum group theory. Indeed, we 
will see that we obtain Au{n,R) as the quantum unitary group of M„(C) whose adjoint action 
preserves the state Tr(i?* . ), where R is any positive invertible n x n matrix. The dependence 
on R appears because unlike the classical case, a compact quantum group coaction on M„(C) 
does not need to preserve the usual trace. A byproduct of this construction for real C*-algebras 
shows that a "free" analogue of the symplectic group Sp{n) (quaternionic unitary group) can be 
realized as the quantum unitary group of the real C*-algebra M„(EI). 

The plan of the paper is as follows. In Sec. [2] we recall some necessary background about 
compact - and in particular free ~ quantum groups, spectral triples and real C*-algebras. In 
Sec. [31 inspired by the characterization of the group of unitaries of a C*-algebra A as the 
universal object in a certain category of groups having a trace preserving action on A, we define 
the quantum analogue by passing to the category of quantum families (in the spirit of [571 [20]) 
and relaxing the condition of traciality of the state, that is necessary in order to accommodate 
non-Kac type examples like Au{n, R). We prove that the universal object - that we call quantum 
unitary group - exists and has a compact quantum group structure, by explicitly computing it 
for any finite-dimensional (complex and real) C*-algebra. 

In Sec. m we generalize the construction (jl.ip and define the quantum gauge group of a 
finite dimensional spectral triple, and compute it for three examples, namely the Einstein Yang 
Mills system, the spectral triple over the algebra A^^ = H © H © M4(C) and for the spectral 
triple for the finite part of the Standard Model. Finally, in Sec. [H we discuss some aspects of 
quantum symmetries of finite-dimensional real C*-algebras which were not dealt with, in [S]. In 
particular, we prove the existence of quantum automorphism group for any finite-dimensional 
real C*-algebra and prove that for matrix algebras M„(k), with k = M, C or H, the quantum 
automorphism group coincides with the classical one. 

Throughout the paper, by the symbol i^aig we will always mean the algebraic tensor product 
over C, by (E> minimal tensor product of complex C*-algebras or the completed tensor product 
of Hilbert modules over complex C*-algebras. The symbol ©k will denote the tensor product 
over the real numbers. Unless otherwise stated, all algebras are assumed to be unital complex 
associative involutive algebras. We denote by A4{A) the multiplier algebra of the complex 
C*-algebra A, by C(T-L) the adjointable operators on the Hilbert module V. and by IC{'H) the 
compact operators on the Hilbert space Ti. With the symbol {ei}i<i<„ we indicate the canonical 
orthonormal basis of C", with {eij}i<ij<n the standard basis of M„(C) (e^j is the matrix with 
1 in position {i,j) and zero everywhere else), and with the n x n identity matrix. 
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2 Compact quantum groups and spectral triples 
2.1 Some generalities on compact quantum groups 

We begin by recalling the definition of compact quantum groups and their coactions from |38l [50] . 
We shall use most of the terminology of [33j , for example Woronowicz C*-subalgebra, Woronowicz 
C*-ideal, etc., however with the exception that Woronowicz C*-algebras will be called compact 
quantum groups, and we will not use the term compact quantum groups for the dual objects as 
done in [33] , 

Definition 2.1. A compact quantum group (to be denoted by CQG from now on) is a pair 
{Q,A) given by a complex unital C* -algebra Q and a unital C* -homomorphism A : Q ^ Q ® Q 
such that 

i) A is coassociative, i.e. 

(A (g) id) o A = (id (g) A) o A 
as equality of maps Q ^ Q ® Q ® Q; 

ii) Span{(a(8) 1q)A(6) I a, 6e Q} and Spanj (Ig a)A(6) | a, 6€ Q} are norm- dense inQ0Q. 

For Q = C{G), where G is a compact topological group, conditions i) and ii) correspond to the 
associativity and the cancellation property of the product in G, respectively. 

Definition 2.2. A unitary corepresentation of a compact quantum group (Q, A) on a Hilbert 
space H is a unitary element U € A4{IC(T-L) (g Q) satisfying 

(id^A)[/ = ;7(i2)?7(i3), 

where we use the standard leg numbering notation (see e.g. I25j). The corepresentation U is 
faithful if there is no proper C* -subalgebra Q' of Q such that U G M{1C{T-L) Q'). 

li Q = C{G), U corresponds to a strongly continuous unitary representation of G. 

For any compact quantum group Q (see [38|. |40j), there always exists a canonical dense 
*-subalgebra Qq C Q which is spanned by the matrix coefficients of the finite dimensional 
unitary corepresentations of Q and two maps e : Qq ^ C (counit) and k ■ Qo ^ Qo (antipode) 
which make Qq a Hopf *-algebra. 

Definition 2.3. A Woronowicz C*-ideal of a CQG (Q, A) is a G* -ideal I of Q such that A{I) C 
ker(7r/ ® ttj), where ttj : Q ^ Q/I is the quotient map. The quotient Q/I is a CQG with the 
induced coproduct. 

If Q = C{G) are continuous functions on a compact topological group G, closed subgroups 
of G correspond to the quotients of Q by its Woronowicz C*-ideals. While quotients Q/I give 
"compact quantum subgroups", C*-subalgebras Q' <Z Q such that A{Q') C Q' ^ Q' describe 
"quotient quantum groups". 

Definition 2.4. We say that a CQG {Q, A) coacts on a unital G* -algebra A if there is a unital 
C* -homomorphism (called a coactionj a : A ^ Q such that: 

i) (q ® id)Q = (id (g) A)a, 
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ii) Span|a(a)(l_4 ® b) \ a £ A, b € Q} is norm-dense in A® Q. 

The coaction is faithful if any CQG Q' C Q coacting on A coincides with Q. 

It is well known (cf. 134] ) that condition (ii) in Def. 12.41 is equivalent to the existence of a 
norm-dense unital *-subalgebra Aq of A such that the map a, restricted to A^, gives a coaction 
of the Hopf algebra Qq, that is to say: a(^o) C "^aig Qo and (id e)a = id on ^o- 

For later use, let us now recall the concept of certain universal CQGs defined in |32[ [55] and 
references therein. 

Definition 2.5. For a fixed n x n positive invertible matrix R, Au{n,R) is the universal C*- 
algebra generated by {uij, i,j = 1, . . . ,n} such that 

UU* = U*U = In , u\RuR-^) = {RuR-^)u^ = In , 

where u := ((n,j)), u* := {{uj^)) and u := (u*)*. R is equipped with the 'matrix' coproduct A 
given on the generators by 

Note that n is a unitary corepresentation of Au{n, R) on C". 

The Au{n, i?)'s are universal in the sense that every compact matrix quantum group (i.e. ev- 
ery CQG generated by the matrix entries of a finite-dimensional unitary corepresentation) is 
a quantum subgroup of Au{n,R) for some i? > 0, n > [35]; in particular, the well-known 
quantum unitary group SUq{n) is a quantum subgroup of some Au{n, R) (cf. Sec. 12. 2p . It may 
also be noted that Au{n, R) is the universal object in the category of CQGs which admit a uni- 
tary corepresentation on C" such that the adjoint coaction on the finite-dimensional C*-algebra 
M„(C) preserves the functional M„(C) 3 Tr(i?*m) (see |36]). 

More generally, for any invertible matrix an analogous construction can be done. 

Definition 2.6 ([1, 2j). Let F G GLn{C). A CQG denoted Au{n,F) is defined as the universal 
C* -algebra generated by u = {uij, i,j = 1, . . . , n} with the condition that both u and u' = FuF~^ 
are unitary; equipped with the standard 'matrix' coproduct. A quantum subgroup of Au{n,F), 
denoted by Ao{n,F), is defined by the additional relation u = u' . 

One immediately realizes that u'u'* = Fu{F* F)~^u^ F* = I„ if and only if RuR^^u^ = In 
and u'*u' = {F*)'^ F* FuF'^ = I„ if and only if u^RuR'^ = I„, where R = F*F. Thus 
Au{n, F) actually depend only on the modulus of F and is isomorphic to Au(n, R) for R = F*F. 
Thus, Ao{n,F) is also a quantum subgroup of Au{n,R) for R = F*F. 

Since we will need both the quantum groups mentioned above, for clarity, we will use the 
symbol Au{n, F) or Ao{n, F) when F need not be a positive matrix and use R when it is positive. 

It is proved in [35j that Ao{n, F) can always be decomposed as Ao{n, F) ~ Ao{ni,Fi) * ... * 
Ao{nk, Fk), where F^ G GLn,. (C) satisfy F^F^ G Clfc (and = n); thus up to a iterated free 

product, in Definition 12.51 one can assume FF G CI„. Note also that concerning the notation 
for free quantum orthogonal groups, we follow here that of [T], which corresponds to Bu{Q) in 
[35] for Q = F*. We refer to [35j for a detailed discussion on the structure and classification of 
such quantum groups. 

We remark that the CQGs Au{n) := Au{n,In) and Ao{n) := Ao{n,In) are called the free 
quantum unitary group and free quantum orthogonal group, respectively, as their quotient by the 
commutator ideal is respectively C{U{n)) and C(0(n)). 
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Remark 2.7. Let n = 2m be even and F = a2® Imj where we identify M2m(C) with M2(C) ® 
Mm(C) and 



is the second Pauli matrix. In this case, the CQG Ao{2m, F) will be denoted Asp{m) and it is a 
free version of the symplectic group Sp{m) (the group of unitary elements of Mm{^)), that can 
be obtained as the quotient of Asp (m) by the commutator subalgebra (cf. Sec. \3.S\) . We will see 
in Sec. \3.2\ that Asp{m) is the quantum unitary group o/Mm(IH[). The identification of Asp{m) 
with Ao{2m, F) for a special F was pointed out to us by T. Banica. 

A matrix B (with entries in a unital *-algebra B) such that both B and B^ are unitary is 
called a biunitary [7]. We will also need the following class of CQGs: 

Definition 2.8. For a fixed n, we call A'^[n) the universal unital C* -algebra generated by an 
n X n biunitary u = {(uij)) with relations 



j4* (n) is a CQG with coproduct given by A{uij) = X];, Uik (8) Ukj. 

We will call A'^{n) the A^-dimensional half-liberated unitary group. This is similar to the 
half-liberated orthogonal group A*{n), that can be obtained by imposing the further relation 
a = a* for all a € {uij, i,j,= 1, . . . ,n} (cf. [7]). 

The analogue of projective unitary groups was introduced in |2| (see also Sec. 3 of [7]). Let 
us recall the definition. 

Definition 2.9. Let Q be a CQG which is generated by the matrix elements of a unitary corep- 
resentation U. The projective version PQ of Q is the Woronowicz C* -subalgebra of Q generated 
by the entries ofU ®U (cf. section 3 of In particular, PAu{n) is the C* -subalgebra of Au{n) 
generated by {uij{uki)* : i,j,k,l = 1, . . . ,n}. 

In [3l], Wang defines the quantum automorphism group of M„(C), denoted by Aaut(-^n(C)) 
to be the universal object in the category of CQGs with a coaction on M„(C) preserving the trace 
(and with morphisms given by CQGs homomorphisms intertwining the coactions). The explicit 
definition is in Theorem 4. 1 of [M] . We conclude this section by the following proposition stating 
Theorem l(iv) from [2] (cf. also Prop. 3.1(3) of [7]) and a very special case (namely, g = 1) of 
Theorem 1.1 from [28] together. 

Proposition 2.10. We have PA^in) ~ PAo{n) ~ Aaut(M„(C)) and Aaut(M2(C)) ~ C{S0{3)). 
Thus, PAu{2) ~ PAo{2) ~ C{S0{3)). 

2.2 Relation between free unitary groups and SUq{n) 

In this section, we discuss the relation between the quantum unitary groups Au{n,R) and the 
quantum groups SUq{n) of [22 ^ [31 ] [39]. 

For < g < 1, we recall the definition of SUq{n) following the notations of [24, Sec. 9.2], 
except the fact that we will use Uij instead of to denote the matrix element of u on the row i and 




(2.1) 



ab*c = cb*a 



y a,b,c£ {uij, i,j = l,...,n}. 



(2.2) 



6 



Quantum gauge symmetries in NCG 



J. Bhowmick, F. D' Andrea, B. Das & L. Dqbrowski 



column j. The CQG is generated by the matrix elements of an n-dimensional corepresentation 
u = (uij), i, j = 1, . . . ,n, with commutation relations 

UikUjk = qujkUik UkiUkj = qukjUki V i < j , 

[uihUjk] = [uik,Uji] = {q- q~^)uiiUjk ^ i < j, k <l , 

and with determinant relation 

'^1 = yi (-9)"^"^il,p{l)^^2,p(2) • • • Un,p{n) = 1 , 

where the sum is over all permutations p of the set {1,2, ... ,n} and \\p\\ is the number of 
inversions in p. The *-structure is given by 

(Uij)* = i-qy~' J2r,a^ (-9)"^"^^fcl,p{«l)^^fc2,p(/2) • • • ^ifc„-l,p(Z„-l) 


with {ki, . . . , kn-i} = {1, . . . , n} \ {i}, {li, . . . , In-i} = {1, •••,"-} \ {]} (as ordered sets) and 
the sum is over all permutations p of the set {li, . . . , In-i}- 

Prom the defining relations, one derives the following 'orthogonality' relations between rows 
resp. columns of u. For all a, 6 = 1, . . . , n we have: 

E. Uai{uu)* = 5a,b , y^^.iUia)*Uib = 5a,b , (2-3) 

yZ.q^^'-'^U,M* = 5a,b , yZ.q^^''-'\ua^rUb. = 5a,b • (2.4) 

This is simply Prop. 8 of [Ml Sec. 9.2.2], with quantum determinant = 1 for SUq{n), and 
cofactor matrix {—q)^~^ Aj, = Uj = S{u'^), defined in page 313 of [23] related to the real structure 
of SUq{n) by the formula u* = S{u) = (cf. Sec. 9.2.4 of [24J, case 2). 

Now, equation (|2.3p in matrix form is simply the unitarity condition uu* = u*u = I„. On 
the other hand, if we call 



R = ^^zItt diag(l, q\q\..., g'^^^'^) , N, := , (2.5) 

^[n\q q-q ^ 

then 

{RuR-% = q^^'-^\u,,r 

and ()2.4p is equivalent to the conditions u^{RuR^^) = {RuR^^)u^ = I„. This proves that SUq{n) 
is a quantum subgroup of the free unitary group Au{n,R), for R as in ()2.5p . Clearly R is not 
unique, for example one can multiply R for a constant, or replace R with R~^ {SUg{n) and 
SUq-i{n) are isomorphic, for any q G M"*"). 

For n = 2, (pn is the well known Powers state of M2(C) [28^ eq. (1)]. In fact, this case was 
already dealt with in Rem 1.31 [3D], where it was proved that SUq{2) is isomorphic to Ao{2,F) 
for 

\ 
q-^ ) ' 

Clearly, Ao{2,F) is a quantum subgroup of Au{2,R') for R' = F*F = diag{q~^,q). 

Notice that [n]qR = Tr{K2p), where i^2p is the element of the dual Hopf *-algebra iYg(su(n)) 
implementing the modular automorphism (cf. eq. (3.2) of |18j ) and tt is the fundamental repre- 
sentation described in [181 eq- (4.1)]. 



F 
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2.3 Generalities on real C*-algebras 

We need to recall some basic facts about real C*-algebras, which we are going to need throughout 
the article. For more details on real C*-algebras, we refer the reader to [27] and [20J. 

Definition 2.11. A real Banach algebra is a real algebra A, equipped with a norm || • ||, which 
makes it a real Banach space, and satisfying the condition \\x ■ y\\ < ||x||||y||. // the algebra is 
unital, with unit 1 £ A, one also requires ||1|| = 1. A unital real C* -algebra A is an unital real 
Banach *-algebra (i.e. a real Banach algebra, which is simultaneously a real *-algebra), such that 
for any x € A: i) ||x*x|| = and ii) 1 + x*x is invertible in A. 

The following result characterizes all finite dimensional real C*-algebras. 

Proposition 2.12. Let A be a finite dimensional real C* -algebra. Then A = M„^(Di) © 
M„2(Z)2)® Afnsl-Ds)©. . .©M„j,(Dfc) (as real C* -algebras) for some positive integers ni, 722, . . . n^, 
where for each i = 1,2, ... k, Di is either M, C or M. 

For a real C*-algebra A, the *-algebra Ac = A C is a complex C*-algebra, known as the 
complexification of A. Moreover, A is the fixed point algebra of the antilinear automorphism a 
on Ac = A®M.C, given by (t(o©]rz) = a^^z. Note that a commutes with the involution on Ac, 
given by (a (8)ir z)* = a* 'Sir'z. Throughout this article, the symbol a will stand for this antilinear 
automorphism . 

The following result recalls the complexifications and the formulas of a for the finite dimen- 
sional C*-algebras M„(M), M„(C) and M„(]H). 

Proposition 2.13. Let A := Mn(lk), and Ac := A C. Then: 

1. i/k = M, then Ac = ^n(C) and a{m) = m; 

2. ifk = C, then Ac = M„(C) © M„(C) and a{mi © 711,2) = m^© ml; 

3. ifk = m, then Ac = M2(C) © M„(C) = M2„(C) and cr(m) = ((T2 © ln)rn{a2 © 1„), where 
(72 is the matrix (|2.ip . 

2.4 Real spectral triples 

In noncommutative geometry, compact Riemannian spin manifolds are replaced by real spectral 
triples. Recall that a unital spectral triple {A°°,'H, D) is the datum of: a Hilbert space Ti, a unital 
associative involutive algebra A°° with a faithful unital ^-representation n : A ^ B{'H) (the 
representation symbol is usually omitted) and a (not-necessarily bounded) self-adjoint operator D 
on % with compact resolvent and having bounded commutators with all a G A^ , see e.g. [14^ll6j. 
A spectral triple is even if there is a Z2-grading 7 on ^ commuting with A^ and anticommuting 
with D; we will set 7 = 1 when the spectral triple is odd. A spectral triple is real if there is an 
antilinear isometry J : H ^ 7i, called the real structure, such that 

J2 = el , JD = e'DJ , J7 = e"-fj , (2.6) 

and 

[a,JbJ-^]=0, [[D,a],JbJ-^]=0 , (2.7) 
for all a,b £ A°° 0. e, e' and e" are signs and determine the KO-dimension of the space [I4j. 
^In some examples (not in the present case) conditions p.7[l have to be sHghtly relaxed, see e.g. [19| . 
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A canonical commutative example is given by {C°°{M), L'^{A4,S), Ip) - where C°°{A4) are 
complex- valued smooth functions on a closed Riemannian spin manifold, 5) is the Hilbert 

space of square integrable spinors and ]p is the Dirac operator. This spectral triple is even if A4 is 
even-dimensional. In fact, from any commutative real spectral triple it is possible to reconstruct 
a closed Riemannian spin manifold. We refer to [16] for the exact statement. 

While we always tacitly assume that H is a complex Hilbert space, we allow the possibility 
that A°° is a real *-algebra. Note that to any real spectral triple (^°°, 7^, D, 7, J) over a real 
*-algebra A°°, we can associate a real spectral triple (0°°, 7^, D, 7, J) over a complex *-algebra 

, as shown in Lemma 3 . 1 of [S] . We let B°° be the quotient A'q / ker vrc , where A'q ~ A°° C 
is the complexification of A'^, with conjugation defined by (a z)* = a* (8)]r z for a € A°° and 
z G C, and vrc : A^ B{'H) is the *-representation 

vrc(a Ok 2) = 2;7r(a) , a G , 2; € C . (2.8) 

It was observed in that kerTrc may be nontrivial since the representation vrc is not always 
faithful. For example, if A°^ is itself a complex *-algebra (every complex *-algebra is also a real 
*-algebra) and vr is complex linear, then for any a G A°° the element a Or 1 + ia ®r i of Aq is 
in the kernel of vrc. In fact, if A°° is a complex algebra, 

B^ 2^A°° . 

We close this section with a remark. While usually is only a pre-C*-algebra for the 
operator norm, in the finite-dimensional case it is a C*-algebra, and to make this fact more 
evident it will be denoted by A, without the 00 supscript. 

3 Quantum unitary group of a finite-dimensional C*-algebra 

3.1 The case of complex C*-algebras 

Let ^ be a finite-dimensional complex C*-algebra, that is, 

m 

-4 = 0M„,(C) (3.1) 
for some positive integers m and rij. For a = ai © . . . © am G A, we denote by Tr the trace map: 

Tr(a) := ^^{ai)kk ■ 

i=l k=l 

Any faithful state of A is of the form Tr(ii! • ) for some positive invertible operator R := (BiRi € A 
with normalization Tr(i?) = 1, called the density matrix of the state. Since in the following, the 
normalization of R is irrelevant, in the particular case when R = tj^^I is a scalar multiple of the 
identity, one can equivalently use the map Tr(-). Let ttr : A ^ B{L'^{A,'Tt{R-)) be the GNS 
representation of a finite dimensional complex C*-algebra A with respect to the faithful state 
Ti{R ■ ) as above. We define the functional 

VRMa)) = Tr{Ra) , (3.2) 
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The above functional is well defined since the GNS representation of a C*-algebra with respect to 
a faithful state is faithful. Throughout this article, the symbol ipR will stand for this functional. 

We start by stating the following Lemma, which gives a characterization of the unitary group 
of a finite dimensional complex C*-algebra. 

Lemma 3.1. Let A be a finite dimensional complex C* -algebra, viewed as a suhalgebra of 
;B(L^(^, Tr)) via the GNS representation it, and denote by -kjj = t^\u{A) ^^-^ restriction to the 
group U{A) of unitary elements of A. Then {U{A)^tiu) is the universal (final) object in the 
category whose objects are pairs (G, vf), with G a compact group and vf a unitary representation 
of G on L'^{A, Tr) satisfying Tr{g) G A for all a £ A, and whose morphisms are continuous group 
homomorphisms intertwining the representations. 

Proof. Clearly {U{A),7ru) is an object in the category (as a linear space L'^{A, Tr) ~ A since the 
normalized trace is a faithful state, and then vr is a faithful representation). Moreover, if (G, vf) 
is any object in the category, since iru is faithful there exists a unique morphism (j) : G ^ U{A) 
intertwining the representations, which is defined by ^(5) = (7r[/)~^7f (g) for all g £ G. This 
shows the universality of {U{A),ttu). □ 

We define a notion of quantum family of unitaries by taking a suitable noncommutative analogue 
of this characterization. Notice that while U{A) is a final object in the category described above, 
since the functor G is contravariant, the C*-algebra G{U{A)) is a initial object in the dual 
category. 

Definition 3.2. Let A be a finite- dimensional complex G* -algebra, R £ A a positive invertible 
operator, ip^ as in ()3.2p . and let -kr : A — s- B[L^{A,(Pr)) be the associated GNS representation. 
We denote by C^i{A,R) the category whose objects are pairs {Q,U), with Q a unital G* -algebra 
and U a unitary element in TTji(A) <S> Q such that: 

(i) Adu = U{- (8> 1q)[/* preserves the state ipn on 7r/j(^), 
(a) Adu* = [/*(• (8) ^q)U preserves the state ^Pfj-i on Trji{A), 

A morphism (j) : {Q, U) — )■ {Q' , U') is a G* -homomorphisms such that (id (8) 4'){U) = U' . 
We call C■^^{A.,R) the category of quantum families of i?-unitaries of A. 

Remark 3.3. Notice that condition (i) is equivalent to the condition that U not only preserves 
the inner product {a,b)j^ = ipii{a*b) of the GNS representation (that follows from U*U = 1), but 
also the sesquilinear form (a,b)fi = (pR{ab*). If we consider the subcategory whose objects {Q,U) 
are compact matrix quantum groups, condition (ii) can be derived from (i) using the properties 
of the antipode. 

To start with, we will prove that the universal (initial) object in the category Cu{Mn{C), R) 
exists and is in fact Au{n,R^). Using this result we will prove that for any finite-dimensional 
complex C*-algebra A, Cu(-4, R) has a universal object which is in fact a CQG. We will call this 
CQG the quantum R-unitary group of A and denote it by the symbol QuiA,R). 

Proposition 3.4. The universal object in the category Cu{Mn{C), R) exists and it is isomorphic 
to {Au{n, R^),Un), where Un is the faithful unitary corepresentation defined by 




.n 



(3.3) 
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Uij are the canonical generators ofAu{n,R^) andirji : M„,(C) — t- B(L^(M„(C)), (/Jr)) is the GNS 
representation. 

Proof. Since ipR is faithful, the linear space L^(M„(C), ifn) is simply M„(C) with inner product 
(a, 6)_R = (pfi{a*b). One can easily check that the map 



Lr : l2(M„(C), ifn) ^ C" C" , Lnieij) = ei® {R')^e 



is an isometry. Here, the inner product on C" is the standard one, and {ei}^^^ is the canonical 
orthonormal basis of C". Moreover, we have 

LR'KR{a)L\ = a®ln 

so that a matrix a G M„(C) acts simply by row-by-column multiplication on the first factor C". 
Thus, for any object {Q, V) in Cu(w4, R), V is of the form 

F = _ TTnieij) (g) Vij = {Lr (g) id) ._ Cij (g) 1 (g) Uij] {Lr (g) id) 

with Vij G Q, and unitarity of V is equivalent to unitarity of the matrix v G Mn{Q). Since 

fR{eij) = Rji and 

Adv(7r/j(eij)) = {L*r ® id) (^^^ cm <S 1 <S) VkiV*i^ {Lr (g) id), 
condition (i) in Def. 13.21 gives 

{ipR id)Adv(7rij(eij)) = ^RikVkiV*ij = ^R{'nR{eij)) ■ Iq = Rji ■ 1q, 

ijkl 

that is, v*R*v = i?*. Similarly from (ii) of Def. 13. 2|, we get U(i?*)^^v* = (i?*)^^. These can be 
rewritten as 

v^R^v{R^)-^ = R^v{R^Y^v^ = In . 

This proves that v = {vij) generate a quantum subgroup of Au{n, R^). It is clear from the above 
discussions that: 

1. {Au{n, R^),Un) is an object of Cu(M„(C), i?), with C/„ as in (|3.3p (note that C/„ is a unitary 
corepresentation of Au{n,R^), and it is clearly faithful); 

2. there is a unique C*-homomorphism <f) : Au{n, R^) — )• Q such that (id (g (j)){Un) = V. This is 
uniquely defined by: 

4>{Uij) = Vij . 

This proves universality of {Au{n, R^),Un). □ 



We now extend this result to arbitrary finite-dimensional complex (7*-algebra. 

Theorem 3.5. Let A = ^ILi ^ni(C), R = ®kRk ^ A a positive invertible operator, and denote 
by Un^. the corepresentation of Au{nk,R\) on L'^{Mn^{C),ipRi,) as in ()3.3p . Then the universal 
object {Qu{A, R),U) in the category Cu{A, R) exists and is given by 

Qu{A, R) = *f^^Au{nk,Ri) , U = (BkUn, , (3.4) 

where " is the free product and U is a faithful unitary corepresentation of Qu{A,R) on 

L\A,^r) = ekLHMn,{C),ipR,). 
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Proof. Firstly, we notice that {*^=i^uink, Ri),U) in (j3.4|) is an object of Cu{A,R), and the 
corepresentation U is clearly faithful. 

Let -Hk = L2(M„,(C),(^ijJ. Then, L'^{A,ipR) = ©^7^^. For any object {Q,V) of the 
category Cu(.4,, i?), we have 

V £ 7r{A) 0Q = efe7rfc(M„,(C)) (g> Q 

with TTk the GNS representation of M„^(C) on T-lk- Thus V preserves 7ik and Vk := ^|-Hfc is a 
unitary in B{'Hk) ^ Q such that G vrfc(^) (g) Q. Since Advj. preserves the state cpR^, and Ady^* 
preserves the state V'jij-i, (Qfc, V^) is an object in Cu(M„j. (C), iZ^), where is the C*-algebra 
generated by the matrix entries of G M„j,(C) ^ Q. 

By Prop. 13.41 for every k, there is a unique morphism 0^ : (ylu(nfc, i?^), C/rn.) ^ {Qk, Vk)- By 
universality of the free product, there is a unique morphism 

that restricted to the fc-th factor gives (p^, and this is the unique C*-homomorphism from 
*k^=iAuin'k, Rl.) to Q that intertwines the corepresentations U and V. This proves that the 
object {*f=iAu{nk,Rl.), U) in (j3^ is universal in Cu{A,R). □ 

3.2 The case of real C*-algebras 

In this section, we introduce the notion of quantum families of unitaries of a finite dimensional real 
C*-algebra by relating it to the quantum families of unitaries of its complexification. As before, 
we start with an easy characterization of the group of unitaries for a finite dimensional real C*- 
algebra. We identify a real C*-algebra A with the fixed point subalgebra of its complexification 
Ac for a canonical involutive antilinear automorphism a. This in particular means that U{A) = 
{u G U{Ac) ■ cf{u) = u}. More generally, if G C U{Ac) is a compact subgroup, we have 
G C U{A) if and only if a{u) = u for all u £ G. This can be rephrased in the dual language of 
corepresentations, using the following observation. 

Proposition 3.6. Let A and a he as above. Let T be an element in Ac ^ G{G), where G is a 
compact group. Then {±d^{p)T belongs to A for any state ip on C{G) if and only ifT = (a^*)T. 

Proof. Since states separates points of a C*-algebra, T = (cr (8) *)T if and only if (id (p)T = 
{±d0if)(a(d*)T = a{idi^ip)T for all states ip, where in the second equality we used c^o* = *o(^, 
antilinearity of a and identify ^ C with Ac- This is equivalent to (id (8) (f))T £ A. □ 

Inspired by this observation, we want to define a category of quantum families of unitaries of A. 
A first idea is to define such a category as the subcategory of Cu(^C)-R) whose objects (Q, LJ) 
satisfy the additional condition 

(cT® *)([/) = ^7 . (3.5) 

It turns out that this does not allow to accomodate non-Kac type examples. So we need to 
broaden the scope of our definition. The plan of this section is as follows: in Sec. 13.2.11 we 
explain what happens if we take ()3.5p . illustrate it with some examples and then in Sec. 13.2.21 
we define the category of quantum family of unitaries of a finite-dimensional real C*-algebra and 
prove the existence of the universal object. Finally, In Sec. 13.2.31 we compute the universal object 
first for matrix algebras and then, using Prop. 12.121 foi' any finite-dimensional real C*-algebra. 
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3.2.1 A preliminary study 

We want to explain that if we adopt (|3.5p . we can get only Kac type examples as quantum 
unitary group. As a first observation, we notice that ()3.5p implies that Adu preserves the usual 
trace. In fact, a more general statement is proved in the next lemma. 

Here and in the following, we identify with the C*-subalgebra (8 1q C ® Q- 
Moreover, for an element T G Ac, we write T instead of T I to simplify notations. 

Lemma 3.7. Let A be a finite- dimensional real C* -algebra, F £ Ac an invertible element and 
let vr : Ac — ^ ^{L'^{-^<c,Vct{f* F))) be the GNS representation. For a (complex) unital C* -algebra 
Q, let U be a unitary element in tt(Ac) ^ Q such that: 

(cT *)([/) =F~^[/F, (3.6) 

Let R = a{F*F). Then, is preserved by Adu and v'ij-i is preserved by Adu*. particular, 
taking F = 1, we deduce that the usual trace is preserved. 

Proof. Let U = J2i ^ f^(2)i- Equation i^Mj implies U = Y,- cr(F-i)o-(C/(i)i)cr(F) ® U^^^^ and 
U* = Ej <F*XUl^)j) ® U(^2)j- Using these, we get: 

i^R idQ)Ad,;(a) = ^Tr(i?a(F-i)cT(?7(i),)a(F)acT(F*))a([/(*,)^.)^^((i^~')*))^(*2).f^(2), 
= J2'^r{a{{F-'r)Ra{F-')a{U(^,)MF)aa{F*))a{Ul,^^^^^ 
= Y^TT{a{Ul^^)a{Uf^,),)a{F)aa{F*))Ul^^^Ut^^)^ 

id 

= (Tr idQ)((a ® *)((^ C/fi)^. ^ f/f2),)(E ^(1)^ ^ U^2)^)MF)aa{F*) 1) 

j i 

= Tria{F)aa{F*)).lQ, 

where we have used the unitarity of U. Therefore, ipR is preserved by Adu. Similarly one shows 
that (/J/j-i is preserved by Adu*- D 

If a CQG has a unitary corepresentation on C" such that its adjoint coaction on M„(C) 
preserves the trace, then it is a quotient of Au{n), that is known to be a Kac algebra (i.e. the 
square of the antipode is the identity). Therefore, in order to obtain non-Kac algebras, we need 
to relax this condition. Notice that the above phenomenon is a purely quantum phenomenon, 
since a unitary group action always preserves the trace. In fact, one can show that: 

Proposition 3.8. Let A be a real C* -algebra such that Ac = ©J^iM„.(C) and R = Ylk^k G 
be a positive invertible operator such that each Rj. has distinct eigenvalues. Consider the 
subcategory of Cu{Ac, R) whose objects {Q,U) satisfy the additional condition ()3.5p . Then, any 
CQG in this category with a faithful corepresentation is a quotient of a free product *^=iC({7(l)). 

Proof. Let {Q,U) be an object of C^iAc, R) with Q a CQG and a faithful corepresentation U 
satisfying condition ()3.5p . Let Uk = U\-h^, where T-Lk = L^(M„^ (C), (/jr^,). By using the proof of 
Theorem 13.51 we deduce that Q is a quotient of *fcLi^M(^fc; -R^) and U = ®kUk- Moreover, for 
each k, we have 

UlRWk = R^ . 
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By Lemma 2.1 of [32] . we can assume that each Rf^. is a diagonal matrix. However, by Lemma 
13.71 and the proof of Proposition 13. 4| we have UkUf. = UlUk = In^- for all k. Using UU* = I„ 
on the previous equation, we get Rl.Uk = UkR\- Since R\. is diagonal with distinct entries, Uk 
commutes with i?^ if and only if it is diagonal too. Thus Uk = diag(Mi, M2i • • • ; Un), where each 
Ui generates a copy of C{U{1)). This proves that Q is a quotient of *k=iC{U{\)). □ 

The previous proposition applies, for example, to R as in (|2.5p . when q ^ \. Moreover, 
applying this result to the real C*-algebra ^ = IHI with R G Ac = M2{C) the density matrix of 
the Powers state, we have: 

Corollary 3.9. Let Q < q < 1 and R = [2]^"-*^ diag(g~^, g). Consider the subcategory of 
Cu(-^2(C), i?) whose objects {Q,U) satisfy the additional condition (j3.5p . with a{m) = a2ma2 
as in Prop. \2.1S\ with n = 1. Then any CQG in this category is a quotient of C{U{1)). 

The classical group of unitary elements of the real C*-algebra H is SU{2). Thus, for the 
above choice of R, the CQG that we get is neither a deformation of the classical unitary group 
nor does it contain a deformation of it. Thus the condition (|3.5p is evidently too restrictive. 
However, we get a much better result if we change it slightly. 

Proposition 3.10. Let R = [2]^^ diag{q^^ , q) . Consider the subcategory of Cu{M2{G),R) whose 
objects {Q, U) satisfy the additional condition: 

{a®*){U) = R^UR-^ (3.7) 

with a as in Prop. \2.LS\ (with n = 1). The universal object in this category is SUq{2), for any 
< q < 1. Taking q = 1, we recover the fact that the classical unitary group is SU{2). 

Proof. If {Q,U) is an object in the above-mentioned category, U = (uij) E M2{Q), from ()3.5p 
we get: 

{a^.m = ( -'f)=R^UR-^ = ^""-V 

V -Ul2 ) \ QU21 U22 ) 

Hence 

By Theorem 13.51 U satisfies the relations of Au(2,i?). It is an easy computation to check 
that these relations are satisfied if and only if a, c satisfy the defining relations of SUq{2), in 
the notations of [Ml Sec. 4.1.4]. The remaining conditions U\RUR-^) = {RUR-^)U^ = h 
are automatically satisfied. It follows from the above discussion that SUq{2) - with generators 
denoted a', d ~ is an object in the category, and there is a unique C*-homomorphism from SUq{2) 
to Q intertwining the corepresentation, given by a' i-^ a and c' i-^ c. This proves universality. □ 

3.2.2 Definition and existence of quantum unitary group of real C*-algebras 

Based on the observations made in the last section, we modify ()3.5p to define the quantum family 
of unitaries of a finite dimensional real C*-algebra. In particular the condition ()3.8p is just ()3.6p . 

Definition 3.11. Let A be a finite- dimensional real C* -algebra, F G Ac an invertible element 
and let vr : — ^ ^ {U"^ i^c, V a {F*F))) CNS representation. We denote by Cu,M.iA,F) 
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the category whose objects {Q,U) are given by a (complex) unital C* -algebra Q and a unitary 
element U G vr(^c) ® Q such that: 

{a(^*){U) = F-^UF , (3.8) 

A morphism (j) : (Q, U) {Q\ U') is a C* -homomorphisms such that (id <P)iU) = U' . 
We call Cu,ir(w4, F) the category of quantum families of F-unitaries of A. 

The condition ()3.8p is inspired by (|3.7p (where F = i?^2). 
As an immediate corollary to Lemma 13.71 we obtain: 

Lemma 3.12. For any A and F there is a positive invertible element R G Ac, given by R = 
a{F*F), such that Cu,M.iA, F) is a subcategory of Cu{Ac, R). 

The next lemma will be needed later to prove that if the universal object in C^i^^{A, F) 
exists, then it is a CQG. 

Lemma 3.13. If Q is any CQG with a corepresentation U G Ac'^Q, the ideal Ip generated by 
the relation (13.81) is a Woronowicz C* -ideal. 



Proof. In this proof, we write explicitly F ®1 for the element in Ac ® Q (instead of F, with the 
usual identification of Ac with its image in Ac ® Q) to make the proof more transparent. Let 

T := (ct ® *)([/) - {F-^ 1)U{F 1) eAc<S)Q . 

The ideal / is generated by 

= ((^(g)id)(r) , (^G(^c)*. 

Let TTj : Q ^ Q/ 1 he the quotient map. We need to prove that 

(vr/ (g) 7r/)A(t^) = ((^ (g) vr/ (g) 7r/)(id (g) A){T) 

is zero for all (p. Hence, it is enough to prove that (id vr/ (g) 7r/)(id (g A)(T) = 0. 
We have 

(id (g) A){a® *){U) = (o- (g) * *)t/(i2)t/(i3) = (<t (g) * (g) *)(^7(i2)) • (cr ® * ® *)(^7(i3)). 

Moreover, we notice that 

(id A)(F-^ ® 1)U{F O 1) = {F-^ ® 1 «) l)(id A)([/)(F 10 1) 

= (F-i (g) 1 (g l)[/(i2)(i^ (g 1 (g 1){F~^ ® 1 ® 1)^7(13) O 1 1) 
= {(F-i l)U{F l)}(i2){(^"' ® ® l)}(i3) • 

Since id® irj ttj is a C*-algebra morphism, it is enough to prove that the elements 

(a * *)(f/(i2)) - {{F-^ ^ miF (g 1)}(,2) 

and 

{a0*(g *)(t/(i3)) - {{F-' 1)U{F (g 1)}(^3) 
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are in the kernel of id ® ttj ® ttj (if a — 5 and c — d are in the kernel of a morphism, then 
ac — bd = {a — b)c + b{c — d) is in the kernel too). But this follows easily from (|3.8p . Indeed, we 
have: 

(id(g)7r/®7r7)(cr«)*(g)*)(C/(i2)) = {(id 7r/)((T ® *)([/)} ^^2) 

= {(id (g) t:i){F-^ ® l)U{F ® 
= (id O TT/ (g) ■Ki){F'^ ® 1 O l)C/(i2)(-F (g) 1 (g) 1). 

The other equality for (c (g) * *)(f^{i3)) follows similarly. This concludes the proof. □ 

Theorem 3.14. The universal object o/ Cu,m(.4., F), denoted by Qu,r{A,F), exists and is the 
CQG given by Qu{Ac, R)/If, with a{R) = F*F and Ip the Woronowicz C* -ideal generated by 
the relation (|3.8|) . 

Proof. Clearly Qu[Ac,R)/If is an object in the category Cu ]]j(^, -P). On the other hand, by 
Lemma[3TT2l every object in Cu,ir(-4, F) is an element {Q, U) G C^x{Ac R) satisfying ()3.8p . Since 
QuiAc, R) is universal in C^iAc, R), there is a unique morphism cp : Qu{Ac, R) ^ Q in the cate- 
gory Cu(-4.c, R)- Since Q satisfies (|3.8p . there exists a map : Qu{Ac, R) — > Qu{Ac, R)/If — > Q-, 
such that (j) = ip o TTip, -Kip being the quotient map from Qu{Ac-, R) to Qu{Ac, R)/If- Suppose 
that there exists another morphism ip' from Qu{Ac-,R) to Qu{Ac,R)/If ^ Q in the cate- 
gory L^u 

,]r(^, F). Then ip' o nip is another morphism from QuiAc, R) Q in the category 
CuiAc, R), contradicting the uniqueness of (p. This proves that Qu{Ac, R)/If is the universal 
object in Cu^m.{A, F), which is a CQG due to Lemma [3. 131 □ 

3.2.3 Examples 

In Prop. 13.101 we proved that when R is the density matrix of the Powers state, Qu,r{^, R^) is 
the quantum group SUq{2). Let us extend the computation to Mn(M), M„(C) and M„(IH). 

Proposition 3.15. Let F = K ® HK"^ , with H,K e GL{n,C)- Then Q„,m(M„(C), F) is the 
quotient of Au{n,K*K) by the relation uH = Hu. In particular for H = I„, (5„^k(M„(C), F) ~ 
Au{n,R), with R = K*K. 

Proof. Let (Q, U) be any object of Cu,R(Mn(C), F), with JJ = ui®U2 and Ui G M„(C) (g) Q for 
z = 1,2. Condition ()3.8p is equivalent to 

that is ui = Ku2K^^ and ui = KH^^U2HK ^ . Conjugating the second equation we see that 
ui = Ku2K^^ = KH~^U2HK~^ , that implies H~^U2H = U2. Thus Q is generated by the 
matrix entries Vij of U2 with the condition that 

U = KU2K~^ e U2 

and that U2 G Mn{Q) commutes with H. The operator U is unitary if and only if both U2 and 
Ku2K~^ are unitary, i.e. by Def. 12.61 the elements Vij satisfy the defining relations of Au{n,R), 
with R = K*K. 

It is clear from the above discussion that Au{n,R)/lH, where Ih is the ideal generated by 
the relation uH = Hu and u = (uij) the canonical generators, is an object in the above category. 
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Moreover, there is a unique C*-homorphism Au{n, R)/Ih Q intertwining the corepresenta- 
tions, given by Uij i-)- Vij. This proves that the object Au{n, R) / Ih is universal. □ 

Notice that in previous proposition we consider the most general invertible F G M„(C) © M„(C), 
that without loss of generality can be written as F = K (B HK 

Proposition 3.16. Qu,R{Mn{M), F) is isomorphic to Ao{n,F). Qu^^{Mk{M.), F) is isomorphic 
to Ao{2k, F(a2®Ik)) ■ In particular, Qu,R{Mn{^), I) is the free quantum orthogonal group Ao{n) 
and Qu,R{Mk{M.), F) is the free quantum symplectic group jAgpi^k^ . 

Proof The involutions a for M„(M) and A4(IH) are given in Prop. [2T3l Mn(M) and Mfc(H) 
are respectively the fixed point real subalgebras of M„(C) and M2k{C) for the automorphism 
a defined by a{a) = KaK*, where K = 1^ for Mn(C) and K = a2(S)Ik for Mk(M). Here, as 
usual, we identify M2fc(C) with M2(C) ^ Mfc(C). In both the cases, the condition p.Sp becomes 
U = {FK)^^U{FK), using which the proposition follows easily. □ 

Like the complex case, if we have a direct sum of algebras we get a free product of CQGs, 
that is 

Q«,rMi © ^2, -Ri © -R2, i^i © i^2) = Q«,r(-4i, Rl,Fi)* Q„,r(^2, R2,F2) . 

The proof is analogous to the one of Theorem 13.51 and we omit it. 

We conclude this section by identifying the quantum group of unitaries of the two algebras 
Af = C^M^MsiC) and A""^ = EI©EI©M4(C) which appear in the noncommutative geometry 
formulation of the Standard Model. 

Corollary 3.17. The quantum unitary groups of the real C* -algebras C © HI © M^^C) and 
m®M®Mi{C) areC{U{l))*C{SU{2))*Au{3) and C{SU{2)) * C{SU{2)) * Aui^), respectively. 

4 Quantum gauge group of a finite-dimensional spectral triple 

In this section we will define a quantum analogue of the gauge group (jl.ip . As explained in the 
introduction, for physical reasons, we are interested in the finite part of an almost commutative 
spectral triple: in this case (jl.ip is the "global" gauge group of the theory. We will focus, then, on 
finite-dimensional (real) spectral triples {AjHjD, J). This means that is a finite-dimensional 
Hilbert space and A a finite-dimensional (possibly real) C*-algebra. In the construction, the 
operator D is irrelevant and we will assume that, even when A is real, ?^ is a complex Hilbert 
space (cf. Sec. 12. 4p . 

We define the quantum gauge group using only quantum i?-unitaries with R (x I. This is 
the most interesting case, since one gets the classical gauge group as a quantum subgroup. The 
construction can be adapted to the general case with minor modifications. 

Definition 4.1 ([I71[2T]). The gauge group of a finite- dimensional spectral triple {A,T-L,D, J) 
is the group 

g{A, J) := {v := uJuJ-^ : u G U{A)} , 
with U{A) the unitary group of A. 
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Now we formulate a definition of tlie quantum gauge group for a finite-dimensional spectral 
triple over a real C*-algebra. The complex case is easier, and follows with some obvious changes 
in the proof. Throughout this section, we will use ()2.6p and (|2.7p , sometimes without mentioning 
it. 

As explained in Sec. 12.41 to any finite-dimensional real spectral triple 'H,D,7, J) over a 
real C*-algebra A, we can associate a finite-dimensional real spectral triple {BjH, D,^, J) over 
the complex C*-algebra B := ^c/kervrc, where vr^ is the *-representation (j2.8p . 

We need some preliminary observations. 

Lemma 4.2. 

1. Let us identify a € A with a 1 in Ac- Then: 

B = irciAc) = Spanjza : z eC,a£ tt{A)} . (4.1) 

2. For any a € '7rc(^c) have: 

JMa)J~^ e vrcMc)' • (4.2) 



3. Let U ^ A® Q he a unitary corepresentation of a CQG Q on the Hilbert space %, say 
U = ^^=1 CLk (8> Qk for some r > 1, & A and G Q, for all k = 1, . . . ,r. Then 

r 

k=l 

where "bar" indicates the conjugated of a matrix in any fixed basis ofH. 

Proof. The equation (|4.ip follows from the definition of vrc. For (|4.2p . we will use (|4.ip . Let za 
and wb two elements of vrc(>lc)) with z,w and a, 6 € 'k{A). Now JzaJ~^ = zJaJ^^, since 
J{-)J~^ is antilinear. Hence, JzaJ^^wb = wzJaJ^^b = wJbJaJ^^ = wbJzaJ~^ , since JzaJ^^ 
is a linear operator on B{T-L). So, wb commutes with JzaJ~^, and this is extended to arbitrary 
elements Yli^i'^i ^i^ibi of 7rc(-4.c) by bilinearity of the commutator, proving ()4.2p . 

To prove 3, we fix an orthonormal basis {ej}"^^ of Ti, with n = dimc(?^). We denote 
by Cij € B{T-l) the operator defined by eijek = Sj^ei and define the "bar" of an operator by 
eij = eij, extended antilinearly to B{'H). Thus = Ylij'^k^v-' some cj^ € C, and U = 
®Ylk By definition, we have 

id i,j k k 

This completes the proof of the lemma. □ 
Proposition 4.3. Let {Q,U) e Cu,m(»4,I). Then 

1. := (vtc <?) id)(U) is a unitary corepresentation of Q on the Hilbert space H; 

2. := {j (>S'*){U^) is a unitary corepresentation of Q on %, where j{a) = JaJ* V a G B{'H); 

3. V = V^U^ is a unitary corepresentation of Q on the Hilbert space H. Note that, more 
explicitly, 

^ = E., ^hJ^hJ'' ^ ^Mui^j^r ■ (4-3) 
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Proof. Unitarity of follows from the fact that vrc is a unital *-representation and U is a 
unitary. Furthermore, 

(id O A)(C/'^) = (id O A)(^c ^ id)(f/) 
= (7rc(»id)(id(g) A)(C/) 
= (7rcOid)([/(i2)?7(i3)) 
= (vrc id)(^^(i2))(7rc id)(;7(i3)) 
= ^(12)^^(13) ■ 

This proves that is a corepresentation. 
To prove 2, we compute 

(id A){U^) = (id A)(j (g) *)(C/^) 

= (j(g)*(g)*)(id(g) A) ([/'') 

= (J^*®*)(^7("i2)^7fi3)) 

= (j O * O *)(f/('i2))(j ^ * ^ *)(^^(l3)) 

- ^(12) "-^(13) • 

proving that If^ is a corepresentation. 

To prove unitarity, let us fix a basis of Ti and denote by Jq the unitary operator obtained by 
composing J with the componentwise conjugation in this basis, and by a as usual the "bar" of 
an a S B{T-l) considered as a matrix in the chosen basis. Since, = el, e = ±1, so J* = eJ and 
we have 

JaJ*{v) = JaeJ{v) = eJa{Jov) 

= €Jo{a{Jo{v))) = eJo(aJo{v)) = eJ^aJov, 

where a G B{'H), v € H, which proves that for a £ B{'H), we have 

JaJ^^ = eJoal^ . (4.4) 

Using this, it is easy to see that U"^ = e(Jo (8) l)U'^{Jo (8) 1). Since, C/ is a biunitary, U"^ is a 
unitary implies that is unitary. Thus, is a product of three unitary operators and hence 
is a unitary. 

Now we prove 3. y is a product of two unitary operators and hence is a unitary. Moreover, 
(id^A)(y) = (id® A)(t/'^)(id0 A)(t/^) = C/('l2)^ri3)t^a2)^(!3) • 

We notice that due to points 2 and 3 of Lemma 14. 2^ and also equation ()4.4p , U^^r^-^ commutes 
with U^^^y This proves that V is a corepresentation. □ 

Definition 4.4. The compact quantum group generated by the matrix coefficients of the unitary 
corepresentation ()4.3p . when {Q,U) = {Qu,r{-^),Uq) is the quantum unitary group of A, will be 
called quantum gauge group of the finite spectral triple {AjHjDjjjJ), and will be denoted by 
9{A,J). 
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Remark 4.5. Using equation (|4.4|) in (|4.3|) . we can rewrite the latter equation in the following 
equivalent way: 

V = eU^{Jo0 id)lFCk ^ id) 

We are going to use this equation in the next three subsections, where we compute the quantum 
gauge group for the Einstein- Yang-Mills system, the spectral triple on A^^ = E[©EI©M4(C), and 
the finite noncommutative space of the Standard Model. Note that in the three above-mentioned 
examples we have e = 1. 

4.1 The Einstein Yang-Mills system 

In this section, we consider the following five families of real spectral triples: 



i) ^ = 


M„(c), n 


= M„(C), 


D = 0, J{a) = 


■ a*- 




ii) A = 


M„(M), n 


= M„(C), 


D = 0, J{a) = 


■ a*; 




iii) A = 


MniM), n 


= M2„(C) 


, D = 0, J{a) -- 


= a*; 




iv) A = 


M„(c), n 


= M„(C) ( 


BM„(C), I? = 


0, J(a € 


B 6) = a* © 6* 


y) A = 


M„(c), n 


= M„(C) ( 


DMn{C),D = 


0, J(a ( 


B 6) = 6* © a* 



In the first case Ti = A and we think of ^ as a complex algebra, while in the last four Ti = Ac and 
we think of M„(C) in (iv) and (v) as a real algebra (note that the representation is not complex 
linear in these cases). In all five cases the inner product is the Hilbert-Schmidt inner product 
(a, b)jjg := Tr(a*6), the representation vr is the restriction to A of the GNS representation of Ac 
(resp. the GNS representation of A in the first case) associated to the trace. Note that in the 
cases (iv) and (v), the representation is 

TT{a){bQc) = abQac , V a, 6, c G M„(C), (4.5) 

since we identify A = M„(C) with the real subalgebra of Ac = Mn{C) © Mn{C) of elements of 
the form a © a. From now on, the representation symbol will be omitted. 

Lemma 4.6. In the five cases above, the gauge group is G{A,J) = PU{n), PO{n), PSp{n), 
PU{n), and U{n)/'L2, respectively. 

Proof. The classical gauge group G{A, J) is the quotient of U{A) by the kernel of the adjoint 
representation u i— > uJuJ~^ on T-L. In the cases (i)-(iii): since uJuJ^^a = uau* for all u € U{A) 
and a £ Ti, uJuJ^^ = 1 if and only if uau* = a for all a £ V., that is ua = au; this implies 
u = XI with A G C, since -/Vffc(C) has trivial center. In case (iv), 

uJuJ~'^{a © 6) = uau* © ubu^ (4.6) 

for all u € U{A) and a Q b £ T-L, and uJuJ^^ = 1 if and only if uau* = a for all a G M„(C) 
(the condition Il6n* = 6 is equivalent to uau* = a with a = 6), so that one reaches the same 
conclusion. Hence g{A, J) = U{A)/{U{A) D U{1)} = PU{A) in the cases (i)-(iv). 
The case (v) is similar to case (iv), but instead of (|4.6p one gets the condition 

uJuJ~^{a © 6) = uau^ © ubu* 
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for all a,b € M„(C) and u € U{A) = U{n). The kernel of the adjoint representation is given 
by elements u G U{n) such that ua = au for all a E M„(C). For a = !„ we get u = u, that is 
u € 0{n). The kernel is then the set of n G 0(n) such that ua = au for all a G M„(C). Since 
the center of M„(C) is trivial, we find u = XI with A G M. Unitarity gives A = ±1. This proves 
that in case (v), g{A, J) = U{n)/Z2. □ 

Let us explain the physical interest for the spectral triples above. 

The spectral triple in (i) is the finite part of the spectral triple studied for example in Sec. 11.4 
of |17] . describing the geometry of a (Euclidean) SU{n) Yang-Mills theory minimally coupled to 
gravity. We remark that in Connes' approach, gauge fields are connections with coefficients in 
the Lie algebra q of the gauge group, and since in (i) the gauge group is PU{n) = SU{n)/Tn, 
that has the same Lie algebra as SU{n), one speaks about SU{n) gauge theory. Here r„ ~ Z„ 
is the group of n-th roots of unity. 

Similarly, since PO{n) has the same Lie algebra of SO{n) and PSp{n) has the same Lie 
algebra of Sp{n), with the spectral triples in (ii) and (iii) one can construct SO{n) and Sp{n) 
Yang- Mills theories, respectively, as one can see adapting the proof of jlTl Prop. 1.157]. 

In the case (iv), 7i = M„(C) © M„(C) is doubled with respect to case (i), and while the 
first summand transforms according to the representation {u,a) i— > uau* of U{n), the second 
summand transforms according to the dual representation {u,b) i— )■ uftn* (cf. equation ()4.6p ). 
i.e. like a pair particle-antiparticle. One gets then a SU (n) Yang-Mills theory but with a sort 
of fermion-doubling phenomenon (the particle-antiparticle distinction is already present in the 
continuous part of the full spectral triple). 

Finally, as explained in the proof of |17i Prop. 1.157], it is not possible to get quantum 
electrodynamics (a U{1) gauge theory) from the example (i), because for n = 1 the adjoint 
action has the whole group U{A) = U{1) in the kernel. The solution used in [21j to get a U{1) 
gauge theory is to use a two-point space, i.e. to "double" the spectral triple in (i), for n = 1. The 
spectral triple {AcT-L, D, J) = (C^, C^, 0, J) considered in Sec. 3.3 of [21] is the "complexification" 
— in the sense we discussed in Sec. \'2A\ cf. equation (|2.8p — of our spectral triple (v) for n = 1. 
In [21], the authors use the gauge group of the complexified spectral triple and prove that it is 
f7(l), but we remark here that using the real spectral triple (v) one reaches the same result: for 
n = 1, g{A, J) = U{1)/7j2 — U{1). In general, for arbitrary n, since U{n)/'Z2 has the same Lie 
algebra as U{n), by applying the spectral action machinery one gets a U{n) Yang-Mills theory 
(minimally coupled to gravity). 

We now compute the quantum gauge group of the spectral triples above. The computation 
is completely analogous to the one of the classical gauge group. We remark that a real structure 
similar to that of (v) will be used for the spectral triple on A"^^ , discussed in the next Sec. 14.21 

Proposition 4.7. In the cases (i)-(m), the quantum gauge group g{A,J) is the projective ver- 
sion of Qu,r{A); thus g{A,J) = PAu{n), PAo{n), PAsp{n), respectively. In case (iv), g{A,J) 
is generated by products uim^lj and Ui-u^j, where Uij are the canonical generators of Au{n). In 
case (v), Q{A,J) is generated by products uimUkj- Note that both in case (iv) and (v), PAu{n) 
is a C* -subalgebra of Q{A, J). 

Proof. Let us start with case (i): A = Mn{C), H = M„(C) and J(a) = a*, that is Jo (a) = a*. 
Let U = (uij) be the fundamental corepresentation of Au{n), eij be the canonical basis of 
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M„(C) and vr the representation of A. Note that modulo the identification of it{A) with A, the 
corepresentation U"^ in Prop. 14.31 is = &ij ^ Uij. Therefore: 

V{eij) = U^{Jq ® id)I7^(Jo ® ±d){eij ® 1) 

= U^{Jq id)W{eji «) 1) = C/^( Jo id) ekieji O 4, 
= W'iJo id) efci (g) u^j. = [/^ dk (8) 
= ^ eimeik (X) n^mUfcj = ^ eik (8> n^jn^j . 



From this, it follows that Q{A, J) is generated by elements unulj, i.e. it is PQu,r{A) = PAu{n). 

In the cases (ii) and (iii) the proof is exactly the same, except that one gets PQu,M.iA) = 
PAo{n) and PQu,RiA) = PAsp{n), respectively. 

In the case (iv), if [/ = {uij) is the fundamental corepresentation of Qu,RiMn{C)) = Au{ti), 
from the proof of Prop. 13.151 with i*" = I we see that = U (BU, or explicitly 



-J^^j _ I Efc ^kj,r ®Uki if r = 1 , 



where eij^r and eij^2 are the canonical bases of the two copies of M„(C) in 'H. A computation 
similar to the one for cases (i)-(iii), but with Jo{eij^r) = eji,r, gives 

ne.,,.) = (^^'''''^^"""^^- = (4.7) 

I Efc/ (^lk,r ® U*^iUkj if r = 2 . 

Thus Q{A, J) is generated by products uimUkj and ul^Ukj- 

The case (v) is similar, except for Jo(eij,i) = eji^2 and Jo(eij,2) = The formula for 

is the same, but now due to a different real structure, instead of ()4.7p we find: 



Y.kl ^lk,r ® UiiUkj if r = 1 , 

.EHe«fc,r«'U;>fcj ifr = 2. 



Thus, G{A, J) is generated by products unUkj and their adjoints. This concludes the proof. □ 
4.2 The spectral triple on A"^^ 

The spectral triple discussed in this section can be found in [12]. The data is the following. 
The Hilbert space is Mi{C) M4(C), with inner product (a 6, c c?) = Tr(a*c + b*d). The 
real structure is the map o 6 i— > 6* a*, where * is the Hermitian conjugation. The algebra 
yt*^^ = M © M M4(C) acts on M4(C) M^i^C) by left multiphcation. Here we identify HI with 
the real subalgebra of M2(C) with elements 

-p a J 

for a, /3 € C, and we identify accordingly EI IHI with the corresponding real subalgebra of 
M2(C) 0M2(C) C M4(C). 

For computational reasons, it is useful to rewrite the spectral triple as follows. The map 
eij i-> Cj (8) Cj (8) ei and Cij ^ ej (8" 62 (with Cj canonical orthonormal basis vectors) is an 
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isometry between -/Vf4(C) © M4(C) and the Hilbert space H := (8> (S" ; the corresponding 
representation vr of A"^^ on T-l is given by 

7r(a, b) = a (SD I4 (g) eii + 6 ® I4 (g) 622, 

where a G M © M and 6 G M4(C). 

The complex linear span of n^A'^^) inside B{'H) is the complex C*-algebra M2(C) ©M2(C) © 
M4(C). The real structure becomes the antilinar operator J given by 

j(e ® c ® r/) = c* ^ r ^ ??* , 

where now * is the componentwise conjugation on resp. C^. 

Since we are going to need the CQG Qu^i^"^) - C{SU{2)) * C{SU{2)) * ^„(4), we fix 
the notation for its generators. The symbols (ajj)jj=i_2 and {aki)k,i=i,,i denote the canonical 
generators of the first and second copy of C{SU{2)). That is, the first resp. the second copy of 
C{SU{2)) is generated by the matrix elements of a biunitary matrix 

~"12 "11 / V ~"34 "33 

and a2i = — ai2) «22 = Oiij 043 = —034! ^44 = O33J gives the involution. For the generators of 
Au{^), we use the usual symbols {uij)f j^^. We will denote the canonical basis of He = M2(C) by 
the symbols , i,j = 1,2 while Eij^p^, for i, j = 1, . . . , 4 and k = 1,2, will denote the generators 
of the k-th. copy of M4(C) in M4(C)c := M4(C) © M4(C). The unitary corepresentations of 
Q,,m(H) ^ C7(5C/(2)) on L2(M2(C),Tr) and of Q„,m(M4(C)) ^ A„(4) on L2(M4(C)©M4(C), Tr), 
respectively, are given by 

Wh := -Fii © ail + -^"12 © ai2 + -F21 © 021 + -F22 © 022 , 
4 4 

ij=l i,i=l 

Lemma 4.8. We have: 

MFij) = eij © 1 © en, i,j = 1,2, (4.9) 

and 

4 

(ttc © id)Wjv/4(c) = ^ ejj © 1 © 622 © Uij, (4.10a) 
4 

(ttc © id) = ^ © 1 © 622 © u*j. (4.10b) 

Proof. The isomorphism between the complex C*-algebras M2(C) and H©]kC is determined by 
m ^ m ©K 1 and im — )■ m ©k z for m G H. The equations 14.91 can now be derived easily by 
observing that: 
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Similarly, the isomorphism between M4(C) © M4(C) and M4(C) (^k C, is determined by (a ® 
a) — )■ a (8)iR 1 and i{a © a) ^ a (^k i- Under this isomorphism, a © and ffi a get mapped to 
|(a©]R 1 — ^o'S'R^) and ^(a® 1 + ia (8" i), respectively. Using these facts, (|4.10p follows easily. □ 

We now compute the quantum gauge group. 

Proposition 4.9. The quantum gauge group G{A^^,J) of the spectral triple above is the projec- 
tive version ofC{SU{2)) * C{SU{2)) * ^„(4). 

Proof. Let Ui = Y^fj^ieij^l^eu^aij + Y^'lj^^eij<^l<^eii^aij, U2 = YM,j=i^ij®'^®^'2'i'^Uij 
and V be the unitary corepresentation of C{SU{2)) * C{SU{2)) * A„(4) on L'^{{A''^)c, Tr). Then, 
by using ()4.9p and ()4.10p . we have, 

(vrc © ±d)V = C/i © C/2 . 

In order to calculate (ttc © ±d)V{Jo © id)(7rc © id)y(Jo © id), we first observe that Uk{Jo 
id)Uk{Jo CS' id) = 0, for k = 1,2. Thus the only contributing terms are Ui{Jq © id)C/2(Jo ® id) 
and U2{Jo © id)Z7i(Jo © id). 

A direct computation, using equations (j4.10p and ()4.9p . yields: 

4 

Ui{Jq © id)C/2(Jo © id) = ^ ^ e^; © eij © en © atiu*^ ; 

fe,iG{l,2} or {3,4} i,j=l 

4 

C/2(Jo © id)C/i(Jo © id) = ^ ^ e^j © e^/ © 622 © ^iij-flfci • 

fe,ie{i,2} or {3,4} j,j=i 

Hence we have, 

(ttc © id)y(Jo © id) (vrc © id)F(Jo © id) 

4 

= ^ ^ Cfci © Cij © en © akiu*j 

A:,/g{l,2} or {3,4} i,j=l 

4 

+ ^ e^j © eki © 622 Ujjali. 

fc,«G{l,2} or {3,4} i,j=l 

Thus the quantum gauge group of the spectral triple on A^^ is generated by the elements 
{akiu*j : k, I = 1,2 or 3,4, i,j = 1, , ,4}. 

The proof will be completed, if we show that elements of the form akia*j for i,j,k,l = 
1, 2 or 3,4: and Uiju^i for i, j, k,l = 1, . . . , 4, belong to this CQG. This we show as follows. 

We note that since {uij)^^^^ generate ^4^(4), "^"j^iuljUij = 1. Thus we have CijaXi = 
Yltn=i ^ij''^pm''^pmO'li, which proves that 0^0*^ belongs to the CQG. 

Moreover, since the each of the sets {an, 012} and {033, 034} are set of generators of C{SU{2)), 
we have anali + 012^12 = 1 = 033^33 + 034^34- Hence we have Uiju^i = {uijaii){aliUki) + 
{uijai2){al2Uki), which proves that Uiju^i belongs to the CQG. This proves the result. □ 
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4.3 The finite-dimensional spectral triple of the Standard Model 

For the spectral triple {Af, Hp, Dpj'jp, Jp) describing the internal space F of the Standard 
Model (cf. [l7] and references therein) we will use the notations of [9]. In particular, the algebra 
Ap and the Hilbert space Hp are given by 

Ap = C®MmM3{C) , 
Hp = C^ ^C^ . 



The real structure Jp is the composition of the componentwise complex conjugation on Hp with 
the linear operator 

/O 1 0\ 



( Jf)o := 1 O 1 



1 
10 
Vo 1 Oy 



1 



and an element a = (A, q, m) G Ap (with A G C, (7 € H and m S M^{C)) is represented by 



7r^(a) = ^(8)10 en 01 + 



A 
A 



+ 1 



/AO 0\ 


m 



1 644 1 



(622 + 633) 1 , 



where m is a 3 x 3 block. We will not need the grading and the Dirac operator. 

Proposition 4.10. The quantum gauge group Q{Ap, Jp) of the finite geometry of the Standard 
Model is the projective version of C{U{1)) * C{SU{2)) * Au{'i). 



Proof. The proof is analogous to the one of Lemma 14.81 and Prop. 

Let Wc, Wfi and H^a/3(c) be the unitary corepresentations of (5u,m(C) ~ C{U{1)), Qu,] 
C{SU{2)) andQ„,M(M3(C)) ~ A„(3) on L2(CeC, Tr), L2(Af2(C), Tr) and L2(M3(C)©M3(C), Tr), 
respectively. Proceeding as in the above-mentioned lemma, we can deduce that: 

(tt^ id)Tyc = {h II4 <8) 644 I3 + I2 <8) en (622 + £33) I3} z; (4.11a) 
2 

(vr^ id)WH = ^ Bij I4 <8) en II3 <8) aij, (4.11b) 
4 

(ttc id)Tyjv/3(c) = ^ II2 (8) eij (622 + 633) I3 Uij, (4.11c) 

where {an, 012} are the generators of C{SU{2)), as in previous section, z is the unitary generator 
of C(C/(1)) and {?iij}fj=2 generate ^^(3) . 

Let V = Wc® Wm © Wm3{c)- Then, using the equations ()4.11ap . (|4.11bp and ()4.11cp . we have 

{ttc ±d){V){{Jp)o id)(7rc id)(y){{Jp)o id) 

= {I2 II4 (8 644 I3 + I2 en (8 644 (8 I3} ® zz 
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2 4 
+ X/ ® '^11 ^ '^33 <8) I3 ® za*j + ^ I2 (8) ejj (g) 644 (g) I3 8) 

jj = l i,j=2 
2 4 2 

eij 8> en 8> en 8> II3 8) aijZ + ^ ^ e^/ (8 ejj 8) en 8) II3 8> akiu*^ 

i,j=l i,j='2 k,l=l 

4 4 2 

+ ^ I2 8) ejj 8) 622 8) II3 8) + ^ ^ efc/ 8) Cij 8) 633 8) II3 8) ^ijjafci- (4-12) 

i,j=2 i,j=2 k,l=l 

From equation ()4.12p . the result follows by arguing as in Proposition 14.91 □ 

5 Quantum automorphisms of real C*-algebras 

The next observations is a simple restatement of Lemma 5.1 and 5.2 of [9]. 

Lemma 5.1. Let G be the group of automorphism of a real C* -algebra A. Then C{G) is the 
universal object in the category of commutative CQGs Q with a coaction a : Ac Ac "8 Q such 
that (a (8 *c(G)) o ct = a o a. 

In Sec. 15. H we define the category of quantum automorphisms of a finite-dimensional real 
C*-algebra and prove the existence of a universal object. In Sec. \b.2\ we compute the universal 
object for M„(M) and M„(EI). In Sec. 15.31 we discuss quantum automorphisms and isometrics 
of Mn{C), thought of as a real algebra. 

5.1 Definition and existence of the quantum automorphism group 

Motivated by Lemma 15. 1| we define quantum automorphisms of a finite-dimensional real C*- 
algebra as follows. 

Definition 5.2. Let A be a finite- dimensional real G* -algebra. We denote by Caut,R(^) the 
category whose objects {Q, a) are pairs, with Q a CQG and a : Ac Ac ®Q a, coaction on Ac 
preserving the trace and such that 

((T(8*)oa = ao(7, (5-1) 

and morphisms {Q,a) {Q',a') are CQGs homomorphisms (j) : Q ^ Q' intertwining the 
coactions, i.e. (id 8> </')a = a'. The universal object in this category, if exists, will be denoted 
Aaut,'M.{^ c^nd called the quantum automorphism group of A. 

Notice that the coinvariance of the trace is automatic in the commutative case, while in 
general it must be imposed as an additional condition (necessary to prove the existence of the 
universal object). Now we prove the existence of the quantum automorphism group for all finite 
dimensional real C*-algebras. We need a preliminary lemma. 

Lemma 5.3. Let A be a finite dimensional real C* -algebra, Q a CQG and a : Ac Ac ® Q a 
coaction, and I the G* -ideal of Q generated by elements 

{(f (8 id) (a o a{a) — (a ® *) o a(a)) , 

with a € Ac o,nd ip € (^c)*- Then I is a Woronowicz G*-ideal of Q. 
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Proof. Let a € and 

T := a o a{a) — (a (8> *) o a{a) . 

The ideal / is generated by 

= ((^(g)id)(r) , y^e{AcT. 

Let TTj : Q ^ Q/ 1 he the quotient map. We need to prove that 

(vr/ (g) 'Ki)A{t^) = ((^ (g) vr/ (g) 7r/)(id O A)(r) 

is zero for all cp. It is enough to prove that (id (g) vr/ (g 7r/)(id (g A)(r) = 0. We have 

(id (g) A)(r) = (id (g) A) o a o a{a) - (a (g) A o *) o a{a) 

= (id (g) A) o a o a{a) — (cr (g) * (g *) o (id (g A) o a(a) 
= (a (g) id) o Q o cr(a) — (o" (g) * (g) *) o (a (g) id) o a{a) , 

where we used the fact that A is a *-homomorphism (and a a coaction). Therefore, since 

(id (g TTj) o a o a = (id (g vr/) o (cr (g) *) o a , 

we get 

(id«)7r/(g)7r/)(id(g A)(r) 

= (id (g TT/ (g) id)(a (g) id) o (id (g) vr/) o a o a{a) — (id (g) vr/ (g) vr/) ((c (g) *)a (g) *) o a(a) 
= (id (g) vr/ (g) id)(a (g) id) o (id (g) vr/) o (fj (g) *) o Q(a) — (id (g) vr/ (g) TTj){a o o" (g) *) o a(a) 
= (id (g) VT/ (g 7r/)(a o cr (g) *) o Q(a) — (id (g) vr/ (g) '7r/)(a o o" (g) *) o Q;(a) 
= . 

This concludes the proof. □ 

If ^ is a finite-dimensional complex C*-algebra, we denote by Caut(-^) the category of CQGs 
with a coaction on A preserving the trace. It was proved in [34j that this category has a universal 
object, here denoted by AautiA). 

Proposition 5.4. The universal object in the category Caut,R("^) exists and it is given by 
Aaut,R{A) = AautiA) / 1 , where I is the ideal of Q = Aaut{A) defined in Lemma [573{ . 

Proof. By Lemma [5.3l AautiA)/! is a CQG, and by construction it satisfies (|5.ip . Hence it is an 
object in Caut,iR(-4)- Any object Q of Caut,R(^) is an object in CautiA), hence there exists a 
unique C*-homomorphism (p : AautiA) — > Q intertwining the coactions. Since Q satisfies ()5.ip . 
(p has / in the kernel and then factorizes through a map AautiA) — t- AautiA)/! Q, proving 
that AautiA)/! is universal. □ 

5.2 Quantum automorphisms of M„(R) and M„(H) 

We will need the following lemma for the purpose of the computation of the quantum automor- 
phism group. 
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Lemma 5.5. Let Q be a C* -algebra, which is generated by elements a^j satisfying the equations 
(4.I-4.3) of such that b^j = {a\^)* also satisfy (4.1-4.3) of [34^ . Then Q is commutative. 

Proof By (4.2) of [M], we have a'l^aX = 5jmafi, while the equation (4.1) of [3l] for = af^ 
gives X^m'^r?"^?™ ~ ^rsCi^]^- Using these two equations, we get 

m r m 

EJi ^mn pm\ _ ij e pn _ ij pn 

r m r 

Hence a^ja^^ = a^n^mj- ^ similar computation, but exchanging the roles of a^j and = 
(a^j)* = a'-jl, gives a^^a^j = a^^a^^. These two equations together imply that the generators of 
Q commute: a^^a^j = a^jaj^„. This proves that the C*-algebra Q is commutative. □ 

Proposition 5.6. Aaut,R{Mn{^)) is isomorphic to C{PO{n)). 

Proof. We use Prop. EH to determine Aaut,R{MnO^)) . Let ^ /=i be the generators of 

the quantum automorphism group AautiMn{C)), in the notation of Theorem 4.1 of with 
coaction a{eij) = "^j^iCki ® a'^j in the canonical basis e^j of M„(C). The additional condition 
(|5.ip gives: 

'^ij ~ {^ij ) • 

Thus, both a^j and = (a^j)* also satisfy equations (4.1-4.5) of [34] and so by Lemma [^31 Q 
is commutative. Thus Aaut,'S.{M.n{^)) = C{G), where G is the automorphism group of M„(]R), 
i.e. G = PO{n). □ 

Proposition 5.7. Aaut,R{MnO^)) is isomorphic with C{PSp{n)), where Sp{n) is the quater- 
nionic unitary group. 

Proof. Similarly to Prop. 15.61 let {afj}f"fc be the generators of the quantum automorphism 
group Aaut{M2n{'C)) , in the notation of Theorem 4.1 of [M], with coaction a{eij) = Cki^a^j 
in the canonical basis of M2n(C). j4a„j^K(M„(EI)) is the quotient of Aaut{M2n{C)) by the 
relation ()5.ip . where now a is given by Prop. 12.131 point 3. This gives the relations 



^kl ( _-i\r+s+k+l Jk 



where for m G N we set m := m + (—1)™+^. We claim that Aaut,R{Mn{M)) is commutative 
C*-algebra. The proof of this claim is similar to the proof of Lemma 15.51 By (4.2) of [34j . we 
have J2r(^kr^ri^ = ^jmafi, while substituting 4^ = (-l)''+'*+''+'a^5 in (4.1) we get 

(|_l)2m+fc+«+p+cj+r+s^mfc^pm _ ^_^-^k+l+p+q^__^^pk 

Since the map m 1-^ m is a bijection, summing over m or m makes no difference. Furthermore 
since (—1)^™ = 1, renaming all the labels we get the relation (—1)^+* Ylm ^Ti^'^Q^ ~ ^rsO^f- Now 
we multiply both sides by (—1)''"^'' and get X^m^w'^^?^ ~ i~^Y~^'^^rs(i^'i = ^rsO^^'i exactly as in 
the proof of Lemma 15.51 The proof is concluded by repeating verbatim the proof of Lemma l5.5l 
Now, since Aaut,RiMn{M.)) is commutative, it is isomorphic to C{G), with G the classical 
group of automorphism of M„(EI). Though the fact that G = PSp{n) is probably known, still 
we derive it for the sake of completeness. 
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Let Jo be the matrix —ia2 <8) In- Then a on M2n(C), giving Mn(M.) is the transformation 
o"(a) = —JqcUq. Every automorphism of M2n(C) is inner, i.e. of the form a uau* , where 
we can take u E SU{2n). The fact that the action of G on M2n(C) commutes with cj, gives 
Jouau^Jo = uJoaJou* for ah a G M2n(C). On multiplying this expression by —uJq from the right 
and n*Jo from the left, we have 

a{u^ JquJq) = {u^jQuJo)a V a. 

So u^JquJq must be central, i.e. u^JquJq = \l2n- Now det{u^ JquJq) = 1, which implies that 
A is a 2n-th root of unity. Since SU{2n) is invariant under multiplication by 2n-th root of 
unity, without loss of generality, we may suppose that u^JquJq = l2n- This is equivalent to the 
condition that cr{u) = —u i.e. iu is a quaternionic unitary matrix (since a{iu) = iu) and hence 
G = PSp{n), where Sp{n) is the quaternionic unitary group. □ 

5.3 Quantum symmetries of M„(C) 
We need a preliminary lemma. 

Lemma 5.8. Let 7 denote the non-trivial generator ofTL^, with action of ^ on PU{n) induced 
by the map u^u on U{n). Then, the group of real automorphisms of Mn{C) is the semidirect 
product PU{n) xi Z2. 

Proof. In this proof, we will identify a scalar A G C with the matrix AI„ in M„(C). 

Let (f : M„(C) — t- M„(C) be an automorphism of real algebras. Then (p(ia) = ip{i)ip{a) for 
any a G M„(C). ip{i) must be central, hence proportional to the identity, and satisfy (p{i)'^ = — 1. 
Thus we have only two cases: ip{i) = i (and (p is complex linear) or ip{i) = —i (and is antilinear). 
Any antilinear automorphism is of the form a >—?■ {p{Ja), where Ja = a is a canonical antilinear 
automorphism and (f is complex linear. Any complex linear automorphism ip is inner, hence of 
the form (fuia) = uau* with u G U{n), and J<PuJ = fu- This induces an action of Z2 on PU{n). 
The classical group of automorphisms is then PU{n) x Z2. □ 

Proposition 5.9. Aaut,M.{Mn{C)) is isomorphic to C{PU{n) xi Z2). 

Proof. Recall that for A = M„(C), Ac = Mn{C) M„(C) and a{a, b) = (b,a). 

Let {afl^j xy]^ j k 1=1-' 2^,2/ = 1,2 be the generators of the quantum automorphism group Q = 
Aauti^ni'C') ® M„(C)), in the notation of Theorem 5.1 of [Mj- Notice that for any fixed r, s, 
from equations (5.1)-(5.3) we see that a^j.^^ satisfy (4.1)-(4.3). 

It follows from Prop. E3] that ^a„t^]K(M„(C)) is the quotient of Q by the relation (coming 
from dsn): 

„kl _ ( kl Y kl _ ( kl Y 

Since both afjn and afj22 = ('^fjii)* satisfy the equations (4.1-4.3) of [34J, by Lemma [531 
they generate a commutative C*-subalgebra Q\ C Q. Similarly a^ji2 generate a commutative 
C*-subalgebra Q2 C Q. 

Note that afj22 = (ofj.n)* = "itn ^"^^ 4l2i = (^lia)* = 4ti2' ^^^"^ '^fjM ^nd afj^g are a 
complete set of generators, and Aaut,M.{Mn{C)) is a quotient of the free product Qi * Q2. With 

afj := afjii and 6fj := afji2> ^o™ (^-l) of p3] we get 
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E km ml \ ^ iMm ml n (\. ^ km ml \ \ ^ i/ml km n 

aii,12apg,ll - - U , %q,22<^ij,2l ) - % Upg - u . 

plus the similar ones where one sums over lower indices. Now, with a trick similar to the proof 
of Lemma 15.51 we compute 

m r m 
r m r 

This proves that o-ijbpq = for all the values of the labels. Repeating the same, but exchanging 
the role of a and b, we get bp^a^j = too. Hence, as a C*-algebra Q = Qi © Q2 is commutative. 
The CQG isomorphism Q ~ C{PU{n) xi Z2) follows from Lemma 15.81 □ 

We end this article by identifying some categories of "quantum symmetries" of M„(C), whose 
universal objects are the half liberated quantum unitary and orthogonal groups and the free 
quantum orthogonal group. 

Proposition 5.10. Consider the category of pairs {Q,U), where Q has a unitary corepresenta- 
tion U on C" so that the adjoint action extends to a quantum automorphism of the real C* -algebra 
M„(C). Then the universal object in this category exists and is isomorphic to ^*(n). 

Consider the subcategory consisting of pairs {Q,U), such that U o J = ( J (8) *) o [/, where 
J is componetwise conjugation on C". Then, the universal object in this category exists and is 
isomorphic to Al{n). 

Proof. Let U = Y17j=i ^ij ® ^ij^ such that the adjoint action Adjj on the elementary matrices 
{Ei,j}lj=i is given by Adu(,Eij) = Ylk,m=i ^km © Ofcia^j- 

Now we need to check the condition that Adjj extends to a quantum automorphism of the 
real C*-algebra Mn{C). Let a be the extension of a to the complex C*-algebra Mn{C) ©M„(C) 
satisfying a o 17(0) = {a ^ *)a{a). For i,j = 1, 2, ..n, let Eij^i and -Eij,2 be the generators of the 
first and the second summand of M„(C) © M„(C). Then a o a{Eij^i) = (cr © *)a{Eij^i) implies 
that a{Eij^2) = Ylk,m Ekm,2 © o.kiO*mj- Heucc the condition that a o a{Eij^2) = (cr © *)a{Eij^2) is 
automatically satisfied. Thus the only new conditions which are satisfied by the elements aij come 
from the fact that d is a quantum automorphism on the second copy of M„(C) i.e. the elements 
akia*^j satisfy the relations (4.1) - (4.5) of [H^- Using the conditions U*U = UU* = UU^ = 
U^U = I„, it is easy to see that the equations (4.3), (4.4) and (4.5) of [34J are automatically 
satisfied. However the equation (4.2) gives the condition Ylv'^siK-v'^jvO'lk — ^jrO'sia*k- Now 
proceeding exactly like Theorem 5.3 of [9], for ah i,j, k, l,m,n = 

1, , , n. Prom this the the first statement follows. 

Por the second statement, we observe that the condition U o J = { J ^ *) o U implies that 
a*j = Oij. Proceeding similarly as above, we have aijakiOmn = CLmnO-kio-ij ■ This proves the second 
statement. □ 

We recall now briefly the notion of quantum isometry group from |23j . This generalizes 
the notion of orientation preserving isometries of a closed Riemannian spin manifold to the 
framework of spectral triples and CQGs. 

Por a finite-dimensional odd spectral triple (^, ?^,0, J), with Dirac operator D = 0, the 
definition is as follows [23]. As usual, we choose an orthonormal basis for "H, and denote by Jq 
the composition of J with the complex conjugation on the components of %. 
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Definition 5.11. A pair (Q, U) is a quantum family of "orientation and real structure preserving 
isometries" for {A,H,0, J) if Q is a unital C* -algebra and U is a unitary element of B{7i) Q 
such that 

( Jo O 1q)I7 = ?7( Jo O 1) , AduiA) C A(g>Q . 

The category with objects {Q,U) as in Definition 15.111 and morphisms given by unital C*- 
algebra homomorphisms intertwining the corepresentations, has a universal object denoted by 
QISOj 0, J). It has a structure of a CQG and the associated unitary operator, say Uq, 

is a faithful unitary corepresentation. The quantum isometry group QlSOj" 7^, 0, J) is the 
Woronowicz C*-subalgebra of QlSOj" 0, J) generated by the elements {(99 (g) id)Aduo(a) : 
a€ A, ip e A*}. 

Proposition 5.12. Let J be the antilinear map on given by complex conjugation on the 
components. Then QISOj^(M„(C), C", 0, J) = Ao{n) and QISOj^(M„(C), C", 0, J) = PAo{n) = 

Aaut{Mn{C)). 

Proof. Let {ej}f^]^ be a basis of C" and U{ei) = Cj ® aji, where aji € Q. Then the relation 
UJ{ei) = {( J(8>*)C/}(ei) implies that Oij = a*j for all i,j = 1, 2, ...n. Thus the matrix u := ((aji)) 
is a unitary and satisfies u = u implying that Q is a quantum subgroup of Ao{n). This proves 
the proposition. □ 
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